Abstract. We prove in Theorem 2.2 that the multiplicatively closed subset generated by at most two elements in the set of natural numbers N has arbitrarily large gaps by explicitly constructing large integer intervals with known prime factorization for the end points, which do not contain any element from the multiplicatively closed set apart from the end points, which belong to the multiplicatively closed set. An Example 4.6 is also illustrated.
.
Introduction
Historically we have seen more of existence proofs of arbitrary large gaps in certain subsets of integers that are present in the literature. A short survey below mentions such results. However constructive proofs in particular those which give the formulae for the end points of the arbitrary large gap intervals have not been there. Here in this article we will be interested in one such constructive proof.
1.1. Short Survey. The distribution of integers with exactly k− distinct prime factors has been studied by many authors. It was first shown by Landau [3] that for a fixed k ≥ 1, the function defined by
where f k (n) = 1 if n has exactly k-prime factors and 0 otherwise satisfies (1.1) π(x, k) = x log x (log log x) k−1 (k − 1)! (1 + o (1)).
Among the other authors who have obtained similar or better asymptotic expressions are Sathe [4, 5] , Selberg [6] ,Hensely [1] ,Hildebrand and Tenenbaum [2] . Let {p 1 , p 2 , . . . , p k } be any set of k−distinct primes. Let S {p 1 ,p 2 ,...,p k } be the multiplicatively closed set generated by 1 and numbers, which have exactly and all the factors from {p 1 , p 2 , . . . , p k }. Let C be the collection of all k−subsets of prime numbers. Consider the set
Using any of the results say the result by Landau [3] about asymptotics of π(x, k) we conclude that there are arbitrarily large gaps in S. We observe here that using Equation 1 would be a non-zero constant. Hence the gaps must be arbitrarily large in the set S k .
With an additional bit of effort on the result of Landau [3] we can extend and conclude arbitrary large gaps for the set
Now choose a base say b = 2. If we use asymptotics for a multiplicatively closed set T generated by primes {p 1 , p 2 , . . . , p k } then we get for large x the following inequality
Hence again we have
from which we will be able to conclude that there are arbitrarily large gaps in T.
However here in this article we give a constructive proof for multiplicatively closed sets, which are contained in doubly generated multipicatively closed sets with known generators. First we consider multiplicatively closed sets generated by two primes or more generally two positive integers (> 1), which are not Log-Rational to each other. We note here that the multiplicatively closed set can contain numbers with single prime factor unlike the set, which is considered in the result by Landau [3] . Using the technique of rational approximation and stabilization of the sequences of approximate inverses and increasing gaps between two such successive ones we explicitly construct by locating large intervals of natural numbers, which do not contain any element in the given multiplicatively closed set there by proving the main result Theorem 2.2 given below.
The main result and method of Proof
Let N denote the set of natural numbers. Let P = {2, 3, 5, . . . , } denote the set of primes.
Here we give using techniques from number theory, geometry and finite fields, a constructive proof of the main result 2.2, where the prime factorization of the end-points of the gap intervals are known and also the end-points belong to the multiplicatively closed set itself. Before we state the main result we need a definition.
Definition 2.1 (Stabilization sequence of an irrational using sequences of approximate inverses). Let 0 < α < 1 be an irrational. Let pn qn , gcd(p n , q n ) = 1, p n < q n be any sequence of positive rationals converging to α. Now consider the arithmetic progressions p n Z + and q n Z + . Consider the sequence (p n Z + ∪ q n Z + ∪ {0}) ∩ {0, 1, 2, . . . , q n p n } ⊂ {0, 1, 2, . . . , q n p n } given as follows. l 0 (n) = 0, p n , 2p n , 3p n , . . . , l 1 (n)p n , q n ,
. . , (q n − 1)p n , p n q n . For every n ∈ N, define the sequence of numbers
given as follows. We define j 1 (n) = 0, l 0 (n) = 0. Now let j(n) ∈ {j 1 (n), j 2 (n), . . . , j rn (n)}. The defining/characterizing property for l j(n) (n) is given by
is the sequence of approximate inverses of p n mod q n . By using Theorems 3.1,3.2,3.3 we conclude that the gaps
• l j i+1 (n) (n) − l j i (n) (n) in the above sequence is increasing.
• The values j i (n) stabilize and also l j i (n) (n) is eventually a constant as n −→ ∞ for a stabilized j i . (Let the stabilized constant be denoted by
This stabilized approximate inverse sequence {l j i + 1 : i ∈ N} is called the stabilization sequence of the irrational α. This theorem is illustrated with the Example 4.6. As an application of Theorem 2.2 we have the following corollary.
Corollary 2.3. Let A be a finite set of positive natural numbers. Let PP = {1} be a nonempty set of at most two natural numbers. Let S = {1 < a 1 < a 2 < . . . < a n < . . .} ⊂ N be the infinite multiplicatively closed set generated by A. Suppose the multiplicatively closed set S ⊂ PP multiplicatively closed set generated by the set PP. Then we have
(a n+1 − a n ) = ∞.
• We have explicit expressions for the end points of certain arbitrarily large gap intervals in the set S using the generators of PP.
Summary of the Proof.
We summarize the method of proof and the structure of the paper in this section.
In Section 3 we first show that for any two relatively prime numbers 1 < p < q the gaps between successive approximate inverses of p mod q is increasing in Theorem 3.1. In Theorems 3.2, 3.3 we prove for a sequence of positive rationals converging to an irrational in [0, 1], the sequence of approximate inverses eventually stabilize and the gaps between successive approximate inverses increase.
In Section 4 we prove our main Theorem 2.2. We consider a multiplicatively closed set S generated by two positive numbers p 1 , p 2 , which are log irrational to each other i.e. In an attempt to answer this open Question 5.1, in Section 6, we mention that a generalization of the proof of Theorem 2.2 is not directly feasible by proving Lemma 6.2 via an example.
In Section 7 we associate to every multiplicatively closed set a point in the projective space PF
and conversely to every point, a maximal singly generated multiplicatively closed set in Theorem 7.5. Then we characterize when two points
give rise to the same point in terms of Log-Rationality in Theorem 7.6. In Theorem 7.8 we give a criterion for when a finitely generated multiplicatively closed set is contained in doubly generated multiplicatively closed set and in Theorem 7.12 we classify doubly multiplicatively closed lines(refer to Definition 7.4).
In view of Question 5.1, if a multiplicatively closed set S is generated by r− elements and these generators give rise to s−distinct points in the projective space PF
(refer to Definition 7.1) with s ≤ r then S is contained in a multiplicatively closed set T, which is generated by s−elements. So Theorem 2.2 can be used to answer Question 5.1 whenever s ≤ 2 with a known single generator or pair of generators in the affirmative using the same construction (refer to Section 4). Even otherwise also, if these s−points generate a doubly multiplicative closed line (refer to Definition 7.4 and Theorems 7.8,7.12) then Theorem 2.2 can be used to answer Question 5.1 in the affirmative using the same construction(refer to Theorem 7.17).
In Section 7, Theorem 7.8 and Example 7.9 leads to the following interesting question, which is answered completely in Theorem 7.12. l 0 = 0, p, 2p, 3p, . . . , l 1 p, q,
Now consider the sequence of numbers
Then the gaps l j i+1 − l j i in the above sequence is increasing.
Proof. If p = 1 then there is nothing to prove. So assume p > 1. First we observe that p is a unit in Z/qZ = {0, 1, 2 . . . , q − 1}. The values (l i + 1) tend to the inverse of p because the least possible value for (l i + 1)p − iq is one. If we consider the sequence of multiples {(l j 1 + 1)p mod q, (l j 2 + 1)p mod q, . . . , (l jr + 1)p mod q} then the values are distinct and decrease to 1 as multiplies of p given by 0, p, 2p, . . . , (q − 1)p gives rise to all residue classes modulo q. Now suppose we consider three consecutive elements in the sequence
(l j i+2 + 1)p = k j i+2 q + x j i+2 and the residue classes satisfy
and moreover for any t < l j i+1 − l j i we have
because of the minimality condition on (l j i + 1)p − j i q as the lesser than (l j i + 1) multiples of p are not as close to multiples of q, where we compare multiples of p to numbers, which are smaller and multiples of q. So we have
Now note in the right hand side we have the following inequalities for the residue classes mod q.
This is a subtle argument about the residue classes. Hence we have l j i+2 > l j i+1 + t for all t < l j i+1 − l j i and for t = l j i+1 − l j i we have x = x j i+1 so a candidate for the residue class is (2x j i+1 − x j i ) and
So we have if 0 < (2x j i+1 − x j i ) then the residue class is (2x j i+1 − x j i ) and
then the residue class is given by q + 2x j i+1 − x j i and we observe that
It is also clear that the residue classes decrease to one. Now Theorem 3.1 follows. The sequence
is the sequence of approximate inverses of p mod q.
The following theorem is a stabilization theorem for approximate inverses for a converging sequence of rationals.
Theorem 3.2 (Stabilization and Eventual Invariance)
. Let p n , q n be a sequence of positive integers with gcd(p n , q n ) = 1 and suppose pn qn is a cauchy sequence converging to an irrational number 0 < α < 1. Define as in the previous lemma the sequence l i (n) and consider the set
The values j i (n) stabilize and also l j i (n) (n) is eventually a constant as n −→ ∞ for a stabilized j i .
Proof. We can assume that p n < q n and p n = 1. If p n = 1 for infinitely many positive integer n > 0 then pn qn −→ 0, which is a contradiction. We observe that l i (n) = ⌊ iqn pn ⌋ and for fixed i, l i (n) is eventually ⌊ i α ⌋ as n −→ ∞. Also we have the sequence j i (n) stabilizes as n −→ ∞ because in the inductive definition, we have j i (n) satisfies the property that
, which is independent of n. Now the independence of n here implies the stabilization of j i (n) follows as n −→ ∞. This completes the proof of Theorem 3.2.
The theorem below along with Weyl Equidistributive Criterion, Theorem 3.4 establishes the increasing nature of gaps in the stabilized approximate inverses for a converging sequence of rationals to an irrational number. Theorem 3.3. Let p n , q n be a sequence of positive integers with gcd(p n , q n ) = 1 with p n < q n and suppose pn qn is a cauchy sequence converging to an irrational number 0 < α < 1. Define as in the previous lemma the sequence l i (n) and consider the set
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Using the previous lemma let
Proof. We can assume that p n = 1 eventually. We observe that using the previous Theorem3.2 we have for every i ∈ N, l j i+2 − l j i+1 ≥ l j i+1 − l j i . If the above limit is not infinity (say equal to d) then eventually l j i form an arithmetic progression with common difference d. Then (l j i + 1) = ⌈ j i α ⌉ is in arithmetic progression with common difference d. On the one hand the sequence
On the other hand the sequence has a distribution if l j i are in arithemetic progression. Because if l j i = l j i 0 + kd with k ∈ N and fractional parts z j i are such that
α} are distributed in the unit interval uniformly as k ∈ N by Weyl's Criterion, Theorem 3.4. So this is a contradiction and Theorem 3.3 follows.
We mention Weyl's Equidistributive Criterion here (See also [7] .)
The main theorem and construction of arbitrarily large gaps
Before we prove the main Theorem 2.2 of this section we prove the following three Lemmas 4.1, 4.3, 4.4.
Proof. If p 1 = 1 then there is nothing to prove. Suppose Log p 1 (p 2 ) = m n for some positive integers m, n > 0. Then we have p n 2 = p m 1 a contradiction to unique factorization into primes. So Log p 1 (p 2 ) is irrational. Definition 4.2. We say a pair (p 1 , p 2 ) ∈ N 2 is an irrational pair if p 1 = 1 and p 2 = 1 and both
Define a subsequence with the property that
Proof. First we define a sequence of number parts 0 < y i < 1 defined by the equation
Since the number parts of { i α | i ∈ N} is also dense in [0, 1] we have that y k j ց 0. We also have for every i, z i = y i α. So z k j also satisfies the property that
Now we apply the previous Theorems 3.2, 3.3 as follows. The sequence
In Theorems 3.2, 3.3 we choose α, which is an irrational satisfying the property that 0 < α < 1 and the sequence of rationals
where gcd(p j , q j ) = 1. Now by the very definition of z k j and using the properties of stabilization and eventual invariance we have
This implies we also have , . . . , p
Here we use the following fact. We have ⌊x 2 (k j )α⌋ = k j . Suppose if there exists such a number p
Hence we get z < z k j , which is a contradiction. Hence we must have k j + t − a ≥ k j+1 , which implies t ≥ k j+1 − k j + a ≥ k j+1 − k j , which is again a contradiction to the hypothesis 0 ≤ t < k j+1 − k j . This proves Lemma 4.4.
Using these three Lemmas 4.1, 4.3, 4.4 we prove our main Theorem 2.2 of this article and its Corollary 2.3.
Proof. Suppose S = {1, f, f 2 , . . .} a singly generated multiplicatively closed set then we immediately have lim
Now suppose
Hence the limit superior of the gaps tend to infinity in the multiplicatively closed set S using Lemma 4.3. Now Theorem 2.2 follows.
Note 4.5. Via the sequence k j we know the prime factorization of the end points of the intervals (p
Here we give an example illustrating the ideas used to prove Theorem 2.2. . The first few terms of the sequence k j , which is defined by the fractional parts We note that it matches with x 2 (k j ). Actually this can be obtained for any suitable rational approximation sequence for α. The first few gaps of intervals with the prime factorization of end-points of the gap intervals of the form (p Question 5.1. Let S = {1 < a 1 < a 2 < . . . <} ⊂ N be a finitely generated multiplicatively closed infinite set generated by positive integers d 1 , d 2 , . . . , d n . How do we construct explicitly arbitrarily large integer intervals with known prime factorization of the end points, which do not contain any elements from the set S using the positive integer
In the later sections we consider some implications of our results regarding this open question and partially answer this question in the affirmative.
On a generalization of this method to more than two generators
In the proof of the main Theorem 2.2 we know the prime factorizations of both the end points of the gap interval via the stabilization sequence. Sometimes knowing factorizations is helpful because of the following note.
Note 6.1. If a large number N has exactly has two large prime factor pair say {q 1 , q 2 } and if N lies in a gap interval of multiplicatively closed set generated by p 1 , p 2 then we can postively conclude that the factor pair of N, {q 1 , q 2 } = {p 1 , p 2 }. The gap intervals in Theorem 2.2 are easy to generate for any pair {p 1 , p 2 } such that Log p 1 (p 2 ) is irrational.
In this section we point out that a certain generalization of this method of proof of Theorem 2.2 to more than two generators is not directly feasible. In particular in an attempt to answer Question 5.1 we prove a lemma, which says that the same technique may or may not be extendable for more than two generators. 
Consider the set
. Let z k j be a monotone decreasing sequence converging to zero constructed from z k defined by the property that
then the sequence of integers {k j+1 − k j : j ∈ N} need not be increasing.
Proof. Consider the following example. Let {p 1 = 2 < p 2 = 3 < p 3 = 5}. By calculating the logarithm of numbers to the base 5 in the sequence {2 i 3 j | 0 ≤ i, j ≤ 50} or by actually showing inequalities we obtain
• k 6 = 13, z k 6 = z 13 = Log 5 (2 8 .3 14 ) − 13.
• k 7 = 14, z k 7 = z 14 = Log 5 (2 23 .3 6 ) − 14. We can show the inequalities
which is not increasing. This proves the lemma. However we mention that it is possible that limsup j−→∞ (k j+1 − k j ) = ∞, which additionally requires a proof.
Geometry of singly and doubly generated multiplicatively closed sets
In this section we partially answer Question 5.1 using Theorems 7.8,7.12 in Theorem 7.17. First we begin with a few definitions.
Definition 7.1. Let Q denote the field of rational numbers. Let Q ≥0 denote the set of non-negative rationals. Define an equivalence relation ∼ R on
We say (a 1 , a 2 , . . . ,
denote the projective space
Definition 7.2. Let Q denote the field of rational numbers. Define an equivalence relation on i≥1
Q\{0}.
We say (a 1 , a 2 , . . . , a n ) ∼ R (b 1 , b 2 , . . . , b n ) if a i = λb i for some λ ∈ Q * . Let PF ∞ Q denote the space
The space PF
⊂ PF ∞ Q as the subset of points, which have all non-negative and at least one positive integer representatives. We note that if two finite tuples, which have positive coordinates are rational multiple of each other then they are positive rational multiple of each other. Definition 7.3. Let P = {p 1 = 2, p 2 = 3, p 3 = 5, . . . , } ⊂ N be the set of primes, where p i denote the i th −prime. We say a set S ⊂ N is singly generated multiplicatively closed if S = {1, f, f 2 , . . . , } for some f ∈ N, f = 1. We say S is a singly generated maximal multiplicatively closed set if T is any singly generated multiplicatively closed set and T ⊃ S then T = S. Definition 7.4. Let L be a line obtained by joining two points
We say L is a doubly multiplicatively closed line, if we consider only integers and (not elements of Q ≥0 \Z ≥0 ) associated to all tuples whose equivalence classes are points that lie on L (refer to the proof of Theorem 7.5) then it gives rise to a doubly generated multiplicatively closed set. In view of Example 7.9 not all lines L are doubly multiplicatively closed lines. However we note that each point P ∈ PF ∞ Q ≥0
gives rise to a unique maximal singly generated multiplicatively closed set (See Theorem 7.5). Now we state a correspondence theorem. given by
where the coordinates of any point in PF
are ordered according to increasing sequence of primes in the set P.
Proof. The bijection is given as follows. Let
be any singly generated multiplicatively closed set. Let
To this multiplicatively closed set we associate the point
The condition that S is maximal is equivalent to the condition gcd(r i 1 , r i 2 , . . . , r i k ) = 1.
Also given any point P in PF
there is a unique non-negative integer coordinate representative of P with gcd of the coordinates equal to one, which gives rise to the integer f ∈ N with f = 1.
This establishes the bijection and hence Theorem 7.5 follows. (1) (Log-Rationality:)
is contained in a singly generated maximal multiplicatively closed set.
Proof. Suppose Log g 1 (g 2 ) = m n is rational. Then we have g n 2 = g m 1 . So the distinct prime factors of g 1 , g 2 agree and we also have that their exponents are projectively equivalent. Hence we get P 1 = P 2 . So this implies f 1 = f 2 = f say. Then we get that T ⊂ {1, f, f 2 , . . . , }. For the converse if T ⊂ {1, f, f 2 , . . . , } for some 1 = f ∈ N then g 1 = f n , g 2 = f m and we have g n 2 = g m 1 . Hence Log g 1 (g 2 ) = m n is rational. This completes the equivalence of the statements (1), (2), (3), (4) and also proves Theorem 7.5. Now we have the following corollary.
Corollary 7.7. A multiplicatively closed set
is not contained in a singly generated multiplicatively closed set if and only if Log g 1 (g 2 ), Log g 2 (g 1 ) are both irrational if and only if g 1 , g 2 represent two distinct points in the projective space PF
In the theorem that follows we give a criterion as to when a multiplicatively closed set is contained in a doubly generated multiplicatively closed set.
. . , i r ∈ N ∪ {0}} be a multiplicatively closed set generated by r−elements. Suppose corresponding to these positive integers whose corresponding integers are relatively prime. Then S is contained in a doubly generated multiplicatively closed set.
Proof. If S gives rise to a single point then there is nothing to prove. So let P 1 , P 2 ∈ PF ∞ Q ≥0 be any two distinct points, which gives rise to the projective line L. Let p 1 , p 2 be the positive integers, which represent these points P 1 , P 2 with gcd(p 1 , p 2 ) = 1. Then the hypothesis that the points [g i ] lie on the projective line P 1 P 2 implies that there exists integers a i , b i , c i ≥ 0 such that p
Consider the unique prime factorization of
l , where we assume without loss of generality that gcd(s 1 , s 2 , . . . , s l ) = 1, gcd(t 1 , t 2 , . . . , t l ) = 1. If in addition we have gcd(p 1 , p 2 ) = 1 then we have s j t j = 0 : 1 ≤ j ≤ l but one of s j and t j is non-zero for each j. In all cases we conclude that (s 1 , s 2 , . . . , s l ) = 1, gcd(t 1 , t 2 , . . . , t l ) = 1. Hence the set T = {p i 1 p j 2 | i, j ≥ 0} ⊃ S and this proves Theorem 7.8. Example 7.9. Let g 1 = 45, g 2 = 20, g 3 = 30. Then we have g 1 g 2 = g 2 3 . So the doubly generated multiplicatively closed set generated by g 1 , g 2 contains g 2 3 but not g 3 . However there is no doubly generated multiplicatively closed set containing all g 1 , g 2 , g 3 because there are no two distinct non-trivial common factors of g 1 , g 2 , g 3 as gcd(g 1 , g 2 , g 3 ) = 5, which is prime. Now the corresponding exponents satisfy (0, 2, 1, 0, . . .) + (2, 0, 1, 0, . . .) = 2.(1, 1, 1, 0, . . .) .
since g 1 g 2 = g 2 3 and the exponent vectors lie on a projective line L ⊂ PF ∞ Q . Note 7.10. Theorem 7.8 can be generalized as follows. Let
11. In Example 7.9, for all integer representatives f ∈ N such that [f ] ∈ L we have 5 | f . This is the only prime with this property for the line L, which is not a doubly multiplicatively closed line. So does there exist a doubly multiplicatively closed line with such a prime? Definitely not when there are only two primes involved with the line L. In Example 7.9, we have the following properties holding true.
• For all integer representatives f ∈ N such that [f ] ∈ L we have 5 | f and this is the only such prime. Neither of the primes 2, 3 satisfy this property.
• There exists numbers g 1 = 45, g 2 = 20 whose points lie on L and two primes 2, 3 such that 3 | 45, 3 ∤ 20, 2 | 20, 2 ∤ 45.
• The lattice M corresponding to L is a two dimensional lattice, which does not possess a basis {x, y} such that M ∩ Z r ≥0 satisfies the monoid addition property. i.e.
In the following theorem we classify doubly multiplicatively closed lines. Proof. First we prove the last assertion. Suppose there exists such points Q 1 , Q 2 on L and let q 1 , q 2 be the corresponding integers. Let
Q is a doubly multiplicatively closed line if and only if there exists two points
be their unique prime factorizations with s i ∈ N : 1 ≤ i ≤ n, gcd(q 1 , q 2 ) = 1. Now we choose q 1 , q 2 such that gcd(s 1 , s 2 , . . . , s l ) = 1 = gcd(s l+1 , s l+2 , . . . , s n ).
In this particular case we also have in the matrix s 1 . . . s l 0 . . . 0 0 . . . 0 s l+1 . . . s n has the property that its gcd of two minors equal gcd(s i s j : 1 ≤ i ≤ l, l + 1 ≤ j ≤ n) = 1. This proves the last assertion. Now we prove the first assertion. In particular the implication (⇐). Assume L has such points (A) Trivial Index Property:
This follows because of the gcd of the 2 × 2 minors is one. i.e. M has a trivial index in V ∩ Z r . Using the theorem for sublattices we get that for the tower of sublattices 
Let the prime exponent vectors of q 1 , q 2 be s, t with s = (s 1 , s 2 , . . . , s r ), t = (t 1 , t 2 , . . . , t r ), gcd(s 1 , s 2 , . . . , s r ) = 1 = gcd(t 1 , t 2 , . . . , t r ). This proof is a bit long. We prove both the Trivial Index Property and the Monoid Addition Property for {s, t}. Claim 7.13. Let V be a two dimensional Q−vector space spanned by s = (s 1 , s 2 , . . . , s r ), t = (t 1 , t 2 , . . . , t r ). Let M = V ∩ Z r . Then there exists w ∈ M with all its coordinate entries non-negative such that {s, w} is a basis for M .
Proof of Claim.
We observe that V is the corresponding affine space defined by the projective line L and also that M = V ∩ Z r is a two dimensional lattice. Now by a theorem on sublattices of Z r it follows that there exists a basis of Z r say Hence there exists α β γ δ ∈ SL 2 (Z) such that
where w = γu + δv. Apriori w need not have non-negative entries. Using a unipotent lower triangular matrix over Z we need to consider only those entries of w whose corresponding entries in s are zero. Now the vector t, which has non-negative entries lies in the span M of s, w. i.e t = ǫs + µw with ǫ ∈ Z, µ ∈ Z * = Z\{0}. Now if s i = 0, w i = 0 then sign(w i ) = sign(µ). If sign(µ) is negative then we consider −w instead of w. Then we get that the w i has non-negative sign whenever s i is zero. Now again using unipotent lower triangular matrix over Z we make the sign of the remaining entries of w non-negative.
Hence we arrive at a basis {s, w} of M such that both have non-negative integer entries. 
• The Z − span of {s, t} is the same as Z − span of {s, w}.
• If for some α, β ∈ Q, αs + βt ∈ Z r then α, β ∈ Z.
Proof of Claim. Since q 1 , e corresponds to points in M ∩ Z r ≥0 we have e = q
The other way containment is immediate since Z−span of {s, w} contains Z−span of {s, t}. Now the rest of the claim for exponents follows as {s, w} is a Z−basis for M = V ∩ Z r and Q−basis for V . This proves the trivial index property for {s, t}. Proof of Claim. Now suppose if all the coordinate entries of s is positive. Then for some large m ∈ N we have ms − t has non-negative entries, which is a contradiction. Hence there exist a subscript i such that s i = 0, t i = 0. Similarly there exist a subscript j such that t j = 0, s i = 0. This proves the monoid addition property that Proof. This theorem follows because the set S ⊂ {q i 1 q j 2 | i, j ∈ N ∪ {0}} and then we use main result 2.2.
Appendix
In this appendix section we prove some interesting lemmas about gaps, also present some motivating examples and give another constructive proof and discuss advantages and disadvantages with respect to the above given constructive proof. We begin with a lemma. Hence using (1) the gaps in S is unbounded.
Example 8.2. The following sets have arbitrarily large gaps.
• A multiplicatively closed set generated by finitely many positive integers > 1.
• The set of all integers, which have exactly k−prime factors.
• The set of all integers, which have atmost k−prime factors. Proof. Let us prove (1) by giving a counter example.
• Consider the set of natural numbers N. Decompose N into two sets S 1 , S 2 as follows.
Keep the first element of N in S 1 . The next two elements in S 2 . The next three elements in S 1 and so on i.e. • Partion the set of primes P into two infinite subsets of primes PP 1 , PP 2 . Let S i be the multiplicatively closed set generated by PP i for i = 1, 2. Then S 1 S 2 = N and limsup j−→∞ (a i(j+1) − a ij ) = ∞ for i = 1, 2 by an application of chinese remainder theorem. Let us prove (2) . Given any N > 0 there exists M such that a 1(k+1) − a 1k > N for all k > M and there exists infintely many l > M such that a 2(l+1) − a 2l > N . Also choose large enough l = l 0 > M such that if a 1k 0 > a 2l 0 then k 0 > M . If a 2l 0 < a 2(l 0 +1) are consecutive in S 1 ∪ S 2 then we have produced a gap more than N . If a 2l 0 < a 1k 0 are consecutive then
• We have either a 2l 0 < a 1k 0 < a 1(k 0 +1) as consecutive integers in S 1 ∪ S 2 .
• Or a 2l 0 < a 1k 0 < a 2(l 0 +1) as consecutive integers in S 1 ∪ S 2 . In the first case we are done again. In the second case we have either a 1k 0 − a 2l 0 > Now for second part of (2) we give a counter example. Let S 1 = {n 2 | n ∈ N}. Let S 2 = {n ∈ N | n is square free}. Then S 1 S 2 = N. We have lim j−→∞ (a 1(j+1) − a 1j ) = ∞. Also by an application of chinese remainder theorem we have limsup j−→∞ (a 2(j+1) − a 2j ) = ∞.
Let us prove (3). Fix a large integer K. Let T 1 = {1 < a 11 < a 12 < . . . < a 1N }, T 2 = {1 < a 21 < a 22 < . . . < a 2M }. Suppose a 1(t+1) − a 1t ≥ K for all t ≥ N − 1 and a 2(t+1) − a 2t ≥ K for all t ≥ M − 1. Let a 1N a 2M , a 1Ñ a 2M be two successive numbers in the set S 1 S 2 . Then we have eitherÑ > N orM > M . We note that forÑ > N we have
The argument is similar ifM > M . This holds for any large K. So limsup j−→∞ (a 4(j+1) − a 4j ) =
∞.
Hence we have completed the proof of this theorem.
Theorem 8. 4 . Let S i : 1 ≤ i ≤ n be finitely many infinite subsets of N.
S i = {s 1 s 2 . . . s n | s i ∈ S i , 1 ≤ i ≤ n}. Let S i = {1 < a i1 < a i2 < . . .} : 1 ≤
